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Abstract. We construct a differential Gerstenhaber-Batalin-Vilkovisky alge- 
bra from Dolbeault complex of any closed Kahler manifold, and a Frobenius 
manifold structure on Dolbeault cohomology. 



String theory leads to the mysterious Mirror Conjecture, see Yau for the 
history. One of the mathematical predictions made by physicists based on this con- 
jecture is the formula due to Candelas-de la Ossa-Green-Parkes Q on the number 
of rational curves of any degree on a quintic in CP^. Recently, it has been proved 



by Lian-Liu-Yau |15 



The theory of quantum cohomology, also suggested by physicists, has lead to a 
better mathematical formulation of the Mirror Conjecture. As explained in Witten 
, there are two topological conformal field theories on a Calabi-Yau manifold X: 



A theory is independent of the complex structure of X , but depends on the Kaher 
form on X, while B theory is independent of the Kahler form of X, but depends 
on the complex structure of X . Vafa p5| ] explained how two quantum cohomology 
rings TZ and TZ' arise from these theories, and the notion of mirror symmetry could 
be translated into the equivalence of A theory on a Calabi-Yau manifold X with B 
theory on another Calabi-Yau manifold X, called the mirror of X, such that the 
quantum ring TZ can be identified with TZ' . 

For a mathematical exposition in terms of variation of Hodge structures, see e.g. 
Morrison or Bertin-Peters [Q. There are two natural Frobenius algebras on 
any Calabi-Yau n-fold, 

AiX) = ®^^off'=(A, n''), B{X) = (Bl^^H'^iX, O-^'), 

where is the sheaf of holomorphic sections to K^TX. By Hodge theory, 

B{X) can be identified with _ff"(A, C). By Bogomolov-Tian-Todorov theorem, 
there is a deformation of the complex structures on X parameterized by an open 
set in i?^(A, r2~^). Therefore, one gets a family of Frobenius algebra structures 
on iJ"(Y, C). Every Frobenius algebra structure can be characterized by a cu- 
bic polynomial $ (in Physics literature, it is called the Yukawa coupling), so we 
get a family ^b{X) of cubic polynomials on i?"(A, C) parameterized by an open 
set in H^{X, ft^^). An additional structure provided by algebraic geometry is the 
Gauss-Manin connection on this family. It is a flat connection with some extra prop- 
erties. On the other hand, counting of rational curves provides a family ^'^(A) 
of cubic polynomials on A{X) parameterized by an open set in H^{X,il^). One 
version of Mirror Conjecture is the conjectural existence, for a Calabi-Yau 3-fold 
X, of another Calabi-Yau 3-fold X, such that one can identify B{X) with A{X), 
^b{X) = *a(A), and vice versa. 



^Both authors were supported in part by NSF 
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Witten [ p7[ proposed that the associativity property of quantum cohomology 
can be encoded in WDVV (Witten-Dijkgraaf-Verlinde-Verlinde) equations (p. 275, 
(3.14)). Dubrovin studied family of Frobenius algebras which are parameterized 
by the underlying vector space, such that the family of structure cubic polynomials 
admits some symmetry, so that it becomes the third derivative of a single potential 
function. This potential function satisfies WDVV equations. Such a family will be 
called a potential family. He then introduced and studied the concept of Frobe- 
nius manifolds. See Dubrovin |^ . Ruan-Tian j2l] gave a mathematical formulation 
of quantum cohomology (see also Liu and McDuff-Salamon jT^). They also 
proved the potential property (WDVV equations) of the quantum cohomology, and 
gave the construction of a flat connection (suggested by Dubrovin's construction), 
which is the candidate for the mirror of Gauss-Manin connection. (In general, 
there is some convergence problem involved in their construction, except for the 
case of complete intersection Calabi-Yau manifolds. See Tian ||2^, §10.) Witten 
|28| suggested two kinds of extended moduli spaces, one containing the deforma- 
tion space of the complex structure, the other containing the complexified Kahler 
cone. Kontsevich [|ll|, besides reformulating Mirror Conjecture in a more general 
setting, proposed a construction of extended moduli space of complex structures. 
Recently, Barannikov-Kontsevich [Q constructed an extended formal moduli space 
for any Calabi-Yau manifold, as a generalization of Bogomolov-Tian-Todorov the- 
orem. Furthermore, they showed that there is a structure of formal Frobenius 
manifold on it. Manin has formulated a generalization to the construction of 
a formal Frobenius manifold from any differential Gerstenhaber-Batalin-Vilkovisky 
(dCBV) algebra with some mild conditions. 

By Hodge theory (see e.g. Griffiths-Harris |lO)), there is a decomposition 

where iJP'^(X) is the Dolbeault cohomology. Furthermore, exterior product induces 

HP^^iX) A H'-''{X) C HP+'-''^+'{X). 

In Cao-Zhou the authors developed a quantum de Rham cohomology theory. 
In that theory, quantum Dolbeault cohomology can be defined such that it sat- 
isfies the usual properties of the ordinary Dolbeault cohomology. This suggests 
the construction of Frobenius manifold structure on Dolbeault cohomology. In this 
paper, we construct dGBV algebra for a general closed Kahler manifold. From 
this, we obtain a formal Frobenius manifold on the A-side for any closed Kahler 
manifold. Comparison with that of Barannikov-Kontsevich Q suggests that these 
two kinds of formal Frobenius manifolds should be mirror image of each other. A 
standard argument in Kodaira-Spencer-Kuranishi deformation theory shows that 
one actually obtains a Frobenius (super)manifold structure on a neighborhood of 
the origin in the relevant cohomology, in the setting of both Barannikov-Kontsevich 
and ours. Now we have two formal Frobenius manifolds on the A-side: one from 
counting rational curves by Gromov- Witten invariants, the other from our con- 
struction. We conjecture that they can be identified. If this is true, it should have 
some applications in enumerative geometry. 

Acknowledgements. The authors would like to thank Gang Tian and S.-T. 
Yau for their interest. The work in this paper is carried out while the second author 
is visiting Texas ASzM University. He likes to express his appreciation for the 
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1. A CONSTRUCTION OF FrOBENIUS (SUPER) MANIFOLDS 

In this section, we review a construction of Frobenius supermanifolds. For de- 
tails, the reader should consult the papers by Tian |Q, Todorov Barannikov- 
Kontsevich [Q and Manin . Here, we follow the formulation by Manin [^sj . 

The input of the construction is a differential Gerstenhaber-Batalin-Vilkovisky 
(dGBV) algebra (see e.g. |l8|, §5). Let {A, A) be a supercommutative algebra with 
identity over a field k, i.e., A) is an algebra with identity over k, furthermore, 
A has Z2-grading, such that for any homogeneous elements a,b G A with degrees 
\a\, \b\ respectively, we have 

Assume that there are two k-linear maps of odd degrees S and A on A, such that 

• ^0, 6A + AS = 0, A2 = 0. 

• 5 is a derivation: d{a A 6) = (Sa) A 6 + (-l)l''la A {6b). 

• If [a»6] = (-l)l''l(A(a A6) - Aa A 6 - (-l)l"la A A6), then [a»-]:A^Ais 

a derivation of degree \a\ -f 1, i.e., 

[a . (6 A c)] = [a . fe] A c + a [a . c]. 

The quintuple {A, A, (5, A, [•••]) with the above properties is called a dGBV algebra. 
As in Manin §5, we have 

[a.6] =-(-l)(l''l+i)(l^l+i'[6.a], 
[am[bmc]] = [[a.6] .c] + [6 • [a • c]] , 

A[a»b] = [Aa.5] + (-l)l"l+i[a. A6], 
S[a»b] = [,5a. 5] + [a . 

We will be interested in the cohomology ring H = H{A, 6), which we assume to be 
finite dimensional. An integral on A is an even linear functional J : ^ — > k, such 
that 

(1) fiSa)Ab={-l)\^\+^faAiSb), 

(2) /(Aa)A6=(-l)l-l/aA(A6), 

for any homogeneous a,b £ A. It follows from (|I|) that / induces a well-defined 
k-bilincar functional 

(•,•) : H{A,5)(»H{A,S) ~^k, 
(a, /?) = J a A f3, 

where [a] and [/3] are cohomology classes represented by (5-closed a and b respec- 
tively. If (•,•) is nondegenerate, we say that the integral is nice. It is obvious 
that 

(a A/3,7) = (a,/3 A7). 

By definition, (H(A, d), A, ■)) is then a Frobenius algebra^ when A has a nice 
integral. 
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To find a deformation of the ring structure on consider 6a ■ A ^ A for even 
a E A. When a satisfies 

Aa = 0, 

then {A, A, (Sq, A, [•••]) is also a dGBV algebra. If / is an integral for {A, A, S, A, [• • 
•]), so is it for {A, A, Sa, A, [•••]). If there is a natural way to identify H{A, 6a) with 
H — H{A, 6) which preserves (•,•), then we get another Frobenius algebra structure 
on H. The construction of Frobenius manifold structure is based on the existence 
of a solution F = ^ r„ to (||), such that Fq = 0, Fi = ^ x^Cj, ej S Ker i5 n Ker A. 
For n > 1, F„ e ImA is a homogeneous super polynomial of degree n in x^ 's, 
such that the total degree of F„ is even. Furthermore, a;° only appears in Fi. 
Such a solution is called a normalized universal solution. Its existence can be 
established inductively. This is how Tian |^ and Todorov |Q proved that the 
deformation of complex structures on a Calabi-Yau manifold is unobstructed. This 
was generalized by Barannikov-Kontsevich 0] to the case of extended moduli space 
of complex structures of a Calabi-Yau manifold. Manin jl^ further generalized it 
to the case of dGBV algebras, which can be stated as follows: 

Theorem 1.1. Let {A, A, S, A, [■•■]) be a dGBV algebra which satisfies the following 
conditions: 

1. H = -ff (.4, S) is finite dimensional. 

2. There is a nice integral on A. 

3. The inclusions i : (Ker A, (5) ^ (A, 6) and j : (Ker (5, A) ^ (^, A) induce 
isomorphisms on cohomology. 

Then there is a structure of formal Frobenius manifold on the formal spectrum of 
k[[i?']], the algebra of formal power series generated by H' , where H' is the dual 
h-vector space of H. 



2. Frobenius manifold structures on Dolbeault cohomology 

In this section, {X,g, J) will be a closed Kahler manifold with Kahler form oj. 
Consider the quadruple (0*'*(X), A, (5 = 9, A = d*). It is well-known that 9^ = 0, 
(9*)2 — 0, and Bd* + d*d — 0. Furthermore, 9 is a derivation. Set 

[a»b]g. ^ (-l)l'^l(a*(a A5) -a*aA6 - (-l)l°la A96). 

(To the authors' knowledge, a formula of this type in differential geometry was first 
discovered by Tian (see also Todorov |Q) to prove the important result that 
deformations of Calabi-Yau manifolds are unobstructed. ) Since both u; and J are 
parallel with respect to the Levi-Civita connection, it follows that near each x G X , 
one can find a local frame {e^, • • • , e"} oiT^''^X, such that oj = e^ Ae^ + - ■ --t-e'^Ae". 
Furthermore, ^ ej^k — Vg^Cfc = Vg^efe = Vg^efe = at x. Let {e^, • • • ,e"} be the 
dual basis. Then at x, for any a G VL*-*(X), we have (Grifhths-Harris |l0|, p. 113): 

da — e^ A Ve^a, da = e? A Ve^-a, 
d*a = —Cj h Ve^a, d* a = —Cj h VejO;, 

Lemma 2.1. [a» (6Ac]]g- = [a • A c + (-l)(l"l+i)l''l6 A [a»c]a.. 
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Proof. The left hand side is given by 

(-l)l°l(a*(a A 6 A c) - {d*a) A & A c - (-l)l'^la A d*{b A c)) 
= (-l)l°l(-ej h Vg^. (a A 6 A c) + (ej h Vg^.a)A6Ac 

+ (-l)l"laAej- h Ve,(6Ac)) 
= (-l)l°l(_ej h (Vg^.a A (5 A c) + a A Vgj(6 A c)) + {ej h Vg^a) A 6 A c 

+ (-l)l"laAej- h Vg^(6Ac)) 
= (-l)l°l(-(ej- h Vg^.a) A (5 A c) - (-l)l°IVg^.a A ej h (6 A c) 

-(cj h a) A Vg^. (fe A c) - (-l)l''la A ej h Vg^. (5 A c) 

+ (ej h Vg^a) A5Ac+(-l)l''laAej h Vg^.(5Ac)) 
= -Ve^aAcj h (6Ac) - (-l)l''l(ej h a) A Vg^.(6Ac). 
The right hand side is computed in a similar fashion. 

[a.6] Ac+ (-l)(l''l+^^l''l6A [a.c] 
= (-l)l''l(5*(aA6) - (9*a) A6 - (-l)l°laA<9*6) Ac 

+ A (a*(a Ac) - {d*a) Ac- (-l)l'^la A a*c) 

= (-l)l''l(-(ej h Vg^.(a A &)) A c + (cj h Vg^a) A 6 A c 

+ (-l)l"laA(ej h Vg^.5)Ac) 

+ (_l)(|a|+i)|&| A (-e, h Vg^ (a A c) + (e, h Vg^.a) A c 

+ (-l)l"laA(e,hVg^.c)) 
= -(-l)l'^l(e, h Vg^. (a A 5)) A c - A e^- h Vg^. (a A c) 

+a A {cj h Vg^.6) A c + (-l)l''la A 6A (e^ h Vg^.c) 

+2(-l)l''l(ej h Vg^.a) AfeAc 
= -Vg^aA (cj h 6) Ac - (-l)l''IVg^a A 6 A (e^ h c) 

-(-l)l''l(ej h a) A Vg^.bAc - (-l)l°l(ej h a) AbA Vg^-c 

-Vg^aACj h (6Ac) - (-l)l''l(ej ha) A Vg^(&Ac). 

□ 

Thus {n*^*{X), A, (5 = 9, A = d*) is a dGBV algebra. 

Remark 2.1. One can obtain an indirect proof as follows. Cao-Zhou |^ showed 
that for a Kahler manifold, — 9*) is the operator A defined in Koszul p3[ , 

who also defined the covariant Schouten-Nijenhuis bracket 

{a, b} = (Aa) A + (-l)l°la A (A6) - A(a A 6) 
which satisfies the property 

{a, 6 A c} = {a, 5} A c + A {a, c}. 

As pointed out in Cao-Zhou |^], 

[a-6] = (-l)l"l{a,6} 
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is the bracket generated by A. Using the type decomposition and [a • {b A c)] = 
[a»b]Ac + A [a»c], one then gets 

[a . (5 A c]]g. = [a . A c + A [a . c]q. . 

Let J-^ : il*'*{X) C be the ordinary integration of differential forms. Analo- 
gous to Claim 4.1 in Barannikov-Kontsevich [Q, we have 

Lemma 2.2. The following identity holds on closed Kdhler manifolds: 

J^daAb= J^aA Bb, 

/y9*aA5^ (-l)l"l/^aA5*6, 

Proof. By linearity, we can assume that a has type (p, q). To prove the first identity, 
we only need to consider the case of b having type [n — p,n~ q~ 1). Then we have 
d{a A 5) = 0, since it has type (rt + 1, n — 1). Hence d{a Ah) ~ d{a A b). Similarly, 
we have da A b = da A b. By Stokes theorem, we have 

/ 9aAfe+ (-l)l"laAa6= / d{aAb)^ [ d{aAb)^0. 
Jx Jx Jx 

To prove the second equality, recall that 9* = — * 9*, and = (— l)l"la (see 
Grifhths-Harris 0, p. 82). Then since |6| = \a\ — 1, we have 

/ a*aA6= / d*aA*{*b) 

Jx Jx 

= (-l)l''l(a*a,*5) = (-l)l''l(a,9*6) 

= / aA*a*6 = -(-l)l''l / a A 9*6 

Jx Jx 

= (-1)1"! / aAd*b. 
Jx 

□ 

Proposition 2.1. The two natural inclusions i : {Kerd*,d) — > {il*'*{X),d) and 
j : (Ker d, d*) — > 9*) induce isomorphisms on cohomology. 

Proof. Consider the Laplace operators Ag ~ dd* + d*d and Ag = BB* + B*B. On 
Kahler manifold (see e.g. Griffiths-Harris j^, p. 115), we have A^ — Ag — ^A^. 
By Hodge theory, every element in H{fl*'* , B) is represented by an element a, such 
that Aga = 0. It then follows that Aga — 0, and hence B*a = 0, i.e., a € Ker9*. 
This proves that H{i) is surjective. 

To show that H{i) is injective, let a S Ker9*, such that a — B(3 for some f3. We 
need to show that a e BKcrB*. By Hodge decomposition, 9/3 = Ag'j for some 7. 
Then we have 

Ag97 = 9Aa7 = B^p = 0, 

which implies that 97 = 0. Furthermore, 

Aa9*7 = 9*Aa7 = 9*Ag7 = 9*a = 

implies that 9*7 = 0. Now a = Aa7 = 9(9*7) + 9* (97) = 9(9*7). But 

9*(9*7) = -9*(9*7) = 

show that 9*7 G Ker9*, therefore, a E 9Ker9*, thus H{i) is injective. The proof 
for H{j) is similar. □ 
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Now we use Theorem 



1.1 



to get 



Theorem 2.1. For any closed Kdhler manifold X, if K is the algebra of formal 
power series generated by the dual space of the Dolbeault cohomology H^(X), then 
there is a structure of formal Frobenius manifold on the formal spectrum of K 
obtained from the dGBV algebra {n*'*{X), A,S = d,A = d*). 



Remark 2.2. The construction involves the solution by power series method to the 
equation 

ar + i[r,r] = 0, 

where F — X^n-'^"' = 0, Fi = is a (super)polynomial in x^'s with 

coefficients in luiBd*. Here rjj is a basis of Ker9nKer9* = iJ = H{T{X, A*TX 
A*T* X),d), is the dual basis of H' . Notice that F is a (super) polynomial for 
x^ 's (Fermionic coordinates) with odd degrees, and is a power series only for x^ 's 
with even degrees (Bosonic coordinates) . A modification of the standard argument 
in Kodaira-Spencer-Kuranishi deformation theory (see e.g. Morrow-Kodaira pO| , 
§4.2) shows that these series converges for all Fermionic cc-^ 's, and for small values of 
Bosonic x-^'s (this method was also used by Tian Q and Todorov @). Therefore, 
one gets a Frobenius supermanifold with the Bosonic part an open neighborhood 
of the zero vector in H™^"^ . 

Remark 2.3. The same construction carries through if we take J = 9, A = d* . 

3. Comparison with Barannikov-Kontsevich's Frobenius manifold 

Assume that X is a closed Calabi-Yau n-manifold, fix a nowhere vanishing holo- 
morphic n-form Vl £ T{X, A'^T*X). Barannikov-Kontsevich |l| considered the 
dGBV algebra with 

A = ® A, A = <S)g+p=kT{X, MTX ® A^TX). 

Here A is Z-gradcd. It also has an induced Z2-grading. This grading is different 
from that in j|] (shifted by 1), we adopt this grading to be compatible with the 
notations of Manin ||l^ . The multiplication A on ^ is given by the ordinary wedge 
products on A*r X and A*TX. The derivation is 6 = d. Notice that for any two 
integers < p, q < n, Q defines an isomorphism 

APTX «) A^TX A"-PT*X (g) A«T*X, j^jhn, 

defined by contraction of the p- vector with 51 to get a form of type (n ~ p,0). Then 
A is defined by 

(A7) h = 9(7 h n). 

Tian- Todorov lemma shows that the bracket, defined by 

[a • /3] = (-l)l"l(A(a A /3) - Aa A /5 - (-l)"la A A/3), 

is given by the wedge product on type (0, >i=)-forms and the Schouten-Nijenhuis 
bracket on type (*, 0) polyvector fields. It is straightforward to check that {A, A,S,A) 
as above is a dGBV algebra. Furthermore, the linear functional 

J -.A-^C, /7 = /^(7hl7) All 

is a nice integral on X. 
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Since the complex (yl, S) contains the deformation complex 

It is called the extended deformation complex. Barannikov-Kontsevich jl) (Lemma 
2.1) showed that the deformation functor associated with the graded differential 
Lie algebra 1], 5, [•••]) is represented by the formal spectrum of formal power 
series generated by H', the dual oi H = H{A, S). This is the extended moduli space 
of complex structures in Witten Furthermore, they constructed a structure of 
a formal Frobenius manifold on it. 



Remark 3.1. As in Remark 2.2, One gets Frobenius supermanifold structure. 

To facilitate the comparison with our construction, we now rewrite the opera- 
tor A in Barannikov-Kontsevich which appeared in earlier work of Tian 
and Todorov with different notation, in terms of more familiar operator. To 
start with, notice that the Hermitian metric induces an isomorphism TX ^ T X. 
Therefore, we get, for any two integers < p, q < n, an isomorphism 

fp^g : APTX (g) AiT*X -> APT*X A«TX. 

On KPT* X ® ATX, we consider the opeartor 

d* : T{X, APT*X (g) A«TA) ^ r(A, Ap-^T* X (g> ATX). 

Lemma 3.1. We have the following commutative diagram: 

T{X, APTX® AIT* X) ^ : r{X,AP-^TX (g) A^TX) 



T{X,APT A(g)A«rA) > T{X,AP-^T A® ATA). 

-a* 

Proof. It is well-known that both cu and are parallel with respect to the Levi- 
Civita connection. It follows that near each x € X, one can find a local frame 
{e\ • • • , e"} of T^^OA, such that Q ^ e^ A ■ ■ ■ e", lu ^ A + • • • + e" A e". 
Furthermore, Ve^e^ = Vg-Ck = Vg^Cfc — Vg^ej. = at x. Let {e^, • • • ,e"} be the 
dual basis. Near x, every 7 G r(A,AP-irx® AT A) can be written as 

7 = ^iJKej (g e^, 

wehre J runs over multiple indices (ji, • • • ,jp), ^ l£ ji < ■ ■ ■ < jp l£ K run 
over multiple inddices (fci, • • • ,kq), 1 < ki < ■ ■ ■ < kg < n, ej = e^j A • • • A e^^, 
— e''^ A ■ ■ ■ A e''" . Then we have 

= -I](Ve,7JK)(e^>ej)Ae^ 

On the other hand, 

(A7) h r2 = 9(7 h r2) 



$]5(7,/if(ejhf])Ae^) 
E(Ve,7Ji^)(e^' A(ejhl7))Ae 
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It is then obvious that fp^i ^d* fp^qj = — A7. □ 

Denote B* = q9*fp,q- We have the foUowing interesting comparison of the 
two dGBV algebras: 

(BK) A^®p,qT{X,APTX(»A''T*X), S = 8, A = -P, 

(CZ) A = ®p,qT{X,APT*X (g)A'^T*X), S ^ B, A = d*, 

(The definitions of the multiplications are similar!) It is reasonable to conjecture 
that the two corresponding Frobenius manifolds are mirror images of each other. 
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